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ZLWK LQFUHDVLQJ WKH YDOXHV RI+DUWPDQQ QXPEHU$OVR WKH UHVXOWV VKRZ WKDW RQ LQFUHDVLQJ WKH YDOXH RI%LRW QXPEHU OHDGV WR
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SUHVHQFHRIDUDGLDOPDJQHWLFILHOGE\QHJOHFWLQJWKHLQGXFHGPDJQHWLFILHOG$IWHUWKDW$URUDDQG*XSWD>@KDYH
H[WHQGHG WKH SUREOHP E\ FRQVLGHULQJ WKH HIIHFW RI LQGXFHGPDJQHWLF ILHOG 7KH DQDO\WLFDO VROXWLRQV IRU WKH IXOO\
GHYHORSHG QDWXUDO FRQYHFWLRQ LQ RSHQ HQGHG YHUWLFDO FRQFHQWULF DQQXOL ZLWK PL[HG NLQG RI WKHUPDO ERXQGDU\
FRQGLWLRQV XQGHU D UDGLDOPDJQHWLF ILHOG KDYH EHHQ REWDLQHG E\ 6LQJK HW DO >@ /DWHU RQ WKH HIIHFW RI LQGXFHG
PDJQHWLF ILHOG RQ QDWXUDO FRQYHFWLRQ LQ YHUWLFDO FRQFHQWULF DQQXOL KDV EHHQ LQYHVWLJDWHG E\ 6LQJK DQG 6LQJK >@
)XUWKHU.XPDUDQG6LQJK>@KDYHGLVFXVVHGWKHHIIHFWRIWKHLQGXFHGPDJQHWLFILHOGRQIUHHFRQYHFWLRQZKHQWKH
FRQFHQWULFF\OLQGHUVKHDWHGFRROHGDV\PPHWULFDOO\
,Q VRPHSUDFWLFDO VLWXDWLRQVZH ILQG WKDW WKHKHDW WUDQVIHU IURP WKH VXUIDFH LVSURSRUWLRQDO WR WKH ORFDO VXUIDFH
WHPSHUDWXUH7KLVW\SHRI IORZLVNQRZQDVFRQMXJDWHFRQYHFWLYHIORZDQG WKHWHUP1HZWRQLDQKHDWLQJFRROLQJLV
XVHGIRUSURSRUWLRQDOO\FRQGLWLRQRIWKHKHDWWUDQVIHUWRWKHORFDOVXUIDFHWHPSHUDWXUH,QDSLRQHHUHGZRUN0HUNLQ
>@ VWXGLHG WKH HIIHFW RI 1HZWRQLDQ KHDWLQJ RQ IUHH FRQYHFWLRQ ERXQGDU\ OD\HU IORZ RYHU D YHUWLFDO IODW SODWH
LPPHUVHGLQDYLVFRXVIOXLG&XUUHQWO\VRPDQ\UHVHDUFKHUVDUHWDNLQJWKH1HZWRQLDQKHDWLQJFRROLQJFRQGLWLRQLQ
WKHLUSUREOHPVGXHWRLWVDSSOLFDWLRQVLQVHYHUDOXVHIXOHQJLQHHULQJGHYLFHV+XVVDQDQHWDO>@KDYHIRXQGDQDO\WLFDO
VROXWLRQ RI IUHH FRQYHFWLYH IORZGXH WR KHDW DQGPDVV WUDQVIHU SDVW D YHUWLFDO SODWHZLWK1HZWRQLDQ KHDWLQJ7KH
HIIHFWV RI KHDW DQG PDVV WUDQVIHU LQ WKH FDVH RI K\GURPDJQHWLF IUHH FRQYHFWLYH IORZ RYHU D SHUPHDEOH YHUWLFDO
VWUHWFKLQJVKHHWLQWKHSUHVHQFHRIWKHUDGLDWLRQKDYHEHHQVWXGLHGE\5DVKLGLHWDO>@
+HUH WKH DLP LV WR GLVFXVV WKH HIIHFW RI LQGXFHG PDJQHWLF ILHOG DQG 1HZWRQLDQ KHDWLQJFRROLQJ RQ QDWXUDO
FRQYHFWLYH IORZ LQ FRQFHQWULF DQQXOXV ZLWK UDGLDO PDJQHWLF ILHOG :H VROYH WKH JRYHUQLQJ OLQHDU VLPXOWDQHRXV
RUGLQDU\GLIIHUHQWLDOHTXDWLRQVXVLQJWKHERXQGDU\FRQGLWLRQWRILQGWKHVROXWLRQIRUWKHYHORFLW\LQGXFHGPDJQHWLF
ILHOGDQGWHPSHUDWXUHILHOG$OVRZHVROYHWKHJLYHQGLIIHUHQWLDOHTXDWLRQVDWVLQJXODUSRLQW +D  )LQDOO\ZH
DQDO\]HWKHHIIHFWRIYDULRXVSDUDPHWHUVE\XVLQJJUDSKVDQGWDEOH
0DWKHPDWLFDO)RUPXODWLRQ
,Q WKLV SDSHUZHKDYH FRQVLGHUHG VWHDG\ ODPLQDU IXOO\GHYHORSHGQDWXUDO FRQYHFWLYH IORZRI DQ HOHFWULFDOO\
FRQGXFWLQJIOXLGLQWKHYHUWLFDOFRQFHQWULFDQQXOXVRILQILQLWHOHQJWK7KH ]c D[LVLVWDNHQDORQJWKHD[LVRIWKHFR
D[LDOF\OLQGHUVLQWKHYHUWLFDOXSZDUGGLUHFWLRQDQG Uc GHQRWHVWKHUDGLDOGLUHFWLRQPHDVXUHGRXWZDUGIURPWKHD[LV
RIF\OLQGHU$OVR D DQG E DUHWKHUDGLXVRILQQHUDQGRXWHUF\OLQGHUVUHVSHFWLYHO\+HUHZHKDYHWDNHQ1HZWRQLDQ
KHDWLQJFRROLQJDW WKH LQQHUF\OLQGHU$OVR WKHDSSOLHGPDJQHWLF ILHOG WDNHQ LQ WKH IRUPRI @U+D>  cc  LVGLUHFWHG
UDGLDOO\ RXWZDUG7KH FRQVLGHUHG SK\VLFDOPRGHO IRU WKLV SUREOHP LV VKRZQ LQ )LJ  6LQFH WKH F\OLQGHUV DUH RI
LQILQLWHOHQJWKDQGIORZRIIOXLGLVIXOO\GHYHORSHGWKHYDULDEOHVGHVFULELQJWKHIORZIRUPDWLRQGHSHQGVRQO\RQWKH
FRRUGLQDWH Uc  )LQDOO\ LQ WKLV FDVH WKH YHORFLW\ DQG PDJQHWLF ILHOGV DUH WDNHQ E\ @UX> cc DQG
@U+U+D> ] cccc c UHVSHFWLYHO\7KXVIRUWKHFRQVLGHUHGPRGHOWKHEDVLFWUDQVSRUWHTXDWLRQVLQQRQGLPHQVLRQDO
IRUPDUHREWDLQHGDVIROORZV

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 6ROXWLRQIRU+DUWPDQQQXPEHU +D  
,Q WKLV VHFWLRQ ZH KDYH VROYHG WKH JRYHUQLQJ GLIIHUHQWLDO HTXDWLRQV RI WKH PRGHO IRU WKH VLQJXODU SRLQW
+D  EHFDXVH WKH PDWKHPDWLFDO H[SUHVVLRQV `+D%L^%   DQG
`+D+D%L^%   RFFXUULQJ LQ (TV  DQG  FOHDUO\ LQGLFDWH WKDW WKH\ KDYH WKH
VLQJXODULW\DW +D  7KHH[SUHVVLRQVIRUWKHYHORFLW\DQGLQGXFHGPDJQHWLFILHOGDW +D  DUHJLYHQDV
`ȜOQ%L^`@'OQUOQU^'>U&U&U&X    
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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,QWKLVFDVHWKHVNLQIULFWLRQDWWKHF\OLQGULFDOZDOOVWKHIOX[RIIOXLGDQGLQGXFHGFXUUHQWGHQVLW\DUHFDOFXODWHG
DV
Ȝ`OQ%L^'&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
Ȝ`OQ%L^OQU@`U'OQU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U&U&- ș   
7KH FRQVWDQWV %  %  &  &  &  &  '  '  '  '  '  ' DQG ' DSSHDULQJ LQ DERYH
HTXDWLRQVDUHGHILQHGLQDSSHQGL[
5HVXOWVDQG'LVFXVVLRQ
,QRUGHU WRGHWHUPLQH WKHHIIHFWRIGLIIHUHQWSK\VLFDOSDUDPHWHUVVXFKDV WKH+DUWPDQQQXPEHU +D DQG%LRW
QXPEHU %L RQ WKH IUHHFRQYHFWLYH IORZZLWK LQGXFHGPDJQHWLF ILHOGDQG1HZWRQLDQKHDWLQJFRROLQJ LQYHUWLFDO
FRQFHQWULFDQQXOXVYHORFLW\ILHOGLQGXFHGPDJQHWLFILHOGLQGXFHGFXUUHQWGHQVLW\DQGWKHQXPHULFDOYDOXHVRIVNLQ
IULFWLRQDQGPDVVIOX[DUHVKRZQLQWKHILJXUHVDQGWDEOH
)LJXUHDVKRZVWKHYDULDWLRQLQWKHYHORFLW\SURILOHVIRUGLIIHUHQWYDOXHVRIWKH%LRWQXPEHUZLWK +D  
)RU VLQJXODUSRLQW DQG +D  )RURWKHUSRLQWV ,W LQGLFDWHV WKDWDV WKH%LRW QXPEHU LQFUHDVHV WKHYDOXHRI
YHORFLW\ LQFUHDVHV IRU WKH1HZWRQLDQ KHDWLQJ DQG GHFUHDVHV IRU WKH1HZWRQLDQ FRROLQJ ,W LV EHFDXVH WKH LQWHUQDO
GLIIXVLYHUHVLVWDQFHRIWKHLQQHUF\OLQGULFDOZDOOLVYHU\KLJKGXHWR%LRWQXPEHUDQGKHQFHFRQYHFWLYHKHDWWUDQVIHU
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WRWKHIOXLGLVQHJOLJLEOHLQFDVHRI1HZWRQLDQKHDWLQJ,QWKHFDVHRI1HZWRQLDQFRROLQJLQWHUQDOGLIIXVLYHUHVLVWDQFH
RIWKHLQQHUF\OLQGULFDOZDOOLVYHU\ORZGXHWR%LRWQXPEHUVRWKHKHDWWUDQVIHUWRWKHIOXLGLVKLJK,WVKRZVWKDWDV





)LJD9HORFLW\SURILOHIRU%L 	ZLWK+D 	DWO E9HORFLW\SURILOHIRU%L 	ZLWK
+D 	DWO 
7KHYDULDWLRQRI LQGXFHGPDJQHWLF ILHOG IRU GLIIHUHQW YDOXHVRI%LRW QXPEHU  	%L  LV
VKRZQLQ)LJFDWVLQJXODUSRLQW +D  DQGVRPHRWKHUYDOXH +D  ,WLVIRXQGIURPWKLVILJXUHWKDWDV
WKH YDOXHV RI %LRW QXPEHU %L LQFUHDVH WKH LQGXFHGPDJQHWLF ILHOG SURILOH LQFUHDVHV LQ FDVH RI WKH1HZWRQLDQ
KHDWLQJDQGGHFUHDVHV LQFDVHRI WKH1HZWRQLDQFRROLQJ ,W LVEHFDXVH WKHKHDW WUDQVIHU WR WKH IOXLG LVYHU\ ORZLQ
1HZWRQLDQKHDWLQJZKLOHLQ1HZWRQLDQFRROLQJLWLVYHU\KLJK,WLVREVHUYHGWKDWWKHYDOXHRIWKHLQGXFHGPDJQHWLF
ILHOG GHFUHDVHV ZLWK LQFUHDVH LQ WKH +DUWPDQQ QXPEHUV +D  $V+DUWPDQQ QXPEHU LQFUHDVHV WKH /RUHQW] IRUFH
LQFUHDVHV E\ GHILQLWLRQ ZKLFK UHGXFHV WKH LQGXFHGPDJQHWLF ILHOG SURILOHV )LJXUH  G LQGLFDWHV WKDW IRU KLJKHU
YDOXHVRI%LRW QXPEHU WKH LQGXFHGPDJQHWLF ILHOGSURILOHV EHFRPHDOPRVW VDPH7KH VKDSHRI LQGXFHGPDJQHWLF
ILHOG QHDU WKH LQQHU F\OLQGHU LV SDUDEROLF W\SH LQ XSZDUG GLUHFWLRQ DQG QHDU WKH RXWHU F\OLQGHU LW LV GRZQZDUG
GLUHFWLRQEHFDXVHWKHGLUHFWLRQRILQGXFHGPDJQHWLFILHOGKDVFKDQJHG

)LJF%HKDYLRURILQGXFHGPDJQHWLFILHOGIRU%L 	ZLWK+D 	WO G%HKDYLRURILQGXFHGPDJQHWLFILHOGIRU
%L 	ZLWK+D 	DWO 
7KH HIIHFWV RI %LRW QXPEHU %L RQ WKH LQGXFHG FXUUHQW GHQVLW\ DUH VKRZQ LQ )LJ  H IRU VLQJXODULW\ DW
+D  DQG VRPH RWKHU YDOXH +D  ZLWK IL[HG YDOXH RI UDWLR RI RXWHU UDGLXV WR LQQHU UDGLXV Ȝ  
)URP WKLV ILJXUH ZH ILQG WKDW WKH LQGXFHG FXUUHQW GHQVLW\ SURILOHV GHFUHDVH ZLWK LQFUHDVLQJ WKH YDOXHV RI %LRW
QXPEHU %L EHFDXVHWKHFRQYHFWLYHKHDWWUDQVIHUWRWKHIOXLGLVYHU\KLJK$OVRIURPWKLVILJXUHLWFDQEHQRWHGWKDW
WKHSRVLWLYH LQGXFHGFXUUHQWGHQVLW\KDVPD[LPXPYDOXH LQ WKHPLGGOHRIERWKF\OLQGHUDQG WKHQHJDWLYH LQGXFHG
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FXUUHQWGHQVLW\KDVPD[LPXPYDOXHRQWKHVXUIDFHRIERWKF\OLQGHUVEXWLWLVPRUHQHJDWLYHRQWKHVXUIDFHRILQQHU
F\OLQGHUFRPSDUH WRRXWHUF\OLQGHU)XUWKHUZKHQ WKHYDOXHRI WKH+DUWPDQQQXPEHU LQFUHDVHVERWK WKHSRVLWLYH
LQGXFHGFXUUHQWGHQVLW\LQWKHPLGGOHRIERWKF\OLQGHUVDQGWKHQHJDWLYHLQGXFHGFXUUHQWGHQVLW\RQWKHVXUIDFHRI
ERWK F\OLQGHUV GHFUHDVH GXH WR SUHVHQFH RI WKH /RUHQW] IRUFH )LJXUH  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,Q WKH SUHVHQW LQYHVWLJDWLRQ WKH HIIHFW RI LQGXFHG PDJQHWLF ILHOG RQ QDWXUDO FRQYHFWLRQ ZLWK 1HZWRQLDQ
KHDWLQJFRROLQJ LQYHUWLFDO FRQFHQWULF DQQXOL LV FDUULHGRXW7KH IROORZLQJ FRQFOXVLRQV KDYHEHHQGUDZQ IURP WKH
SUHVHQWDQDO\VLV















Ȝ`@OQ%L^Ȝ>%%$ +D   Ȝ`@OQ%L^Ȝ>%%$ +D  
`@ȜOQ%L^%$>$$    Ȝ`@OQ%L>^%%+D$$$   
+D%L%    +D+D%L%   
Ȝ`OQȜ%Ȝ%^%+D%    Ȝ%ȜOQȜ%%   
@`Ȝ^OQ>Ȝ%%    Ȝ%%    `@ȜOQ%L^>Ȝ''&   
Ȝ`@OQ%L^>Ȝ''&    &&&   
`ȜOQ%L^'&&&    %L'   %L'  
ȜOQ`Ȝ'ȜOQ^''    Ȝ`OQ'^'ȜȜ''    '''   
'''    ''    @ȜȜ`OQ^ȜȜ`^OQ>Ȝ''   













>@$+XVVDQDQ ,.KDQDQG66KDILH$QH[DFWDQDO\VLVRIKHDWDQGPDVV WUDQVIHUSDVWDYHUWLFDOSODWHZLWK1HZWRQLDQKHDWLQJ -RXUQDORI
$SSOLHG0DWKHPDWLFVSS
>@00 5DVKLGL % 5RVWDPL 1 )UHLGRRQLPHKU DQG 6 $EEDVEDQG\ )UHH FRQYHFWLYH KHDW DQGPDVV WUDQVIHU IRU0+' IOXLG IORZ RYHU D
SHUPHDEOHYHUWLFDOVWUHWFKLQJVKHHWLQWKHSUHVHQFHRIWKHUDGLDWLRQDQGEXR\DQF\HIIHFWV$LQ6KDPV(QJLQHHULQJ-RXUQDOSS



